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1. INTRODUCTION 
It is known that convexity theorems restore continuous dependence on the 
data for the classical improperly posed problems, (harmonic continuation, 
backward solution of the heat equation, etc.) provided we restrict attention 
to those solutions satisfying a prescribed bound [l-3]. An extensive study 
of this kind of problems was done by Miller [3]. Let us give for reference 
the following result: 
Suppose there exist at least one function U(T, 0) having the properties 
(a) u(r, 0) is harmonic for Y < 1, 
(b) l/277 Jr=, 1 ~(a, 6) - @)I” de < e = a” (1) 
(4 Jr=, I 41, 412 de G 1 
where the data function, g(B), is given in L, . Then 
where 
g(e) = a,/2 + f (u, cos ne + b, sin ne) an, 
1 
g,(r, e) = 42 + g (u, cos ne + b, sin ne) Y”, 
1 
w4 y) = u” (1 + 2 F (y/u)291’2, 
1 
H([a], Y) = r*“[2/(1 - Yy”. 
[a] is the greatest integer such that [a] < LY. It is easily seen that L + H -+ 0 
ifor+cr,(E+O)foreveryr<l. 
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Two simple remarks are in order. First, condition (1.~) is clearly not 
sufficient to give continuous dependence on data for r = 1 with respect to 
the uniform norm. Moreover the same is true if only continuity in L, norm 
is required, as shown by the following example: 
g =o, uN(r, 0) = rN(cos NO + sin No), N > LY. 
Second, as shown in [3], the stronger condition 
I%( 1) e)/ae f L, (1.c’) 
assures continuity at Y = 1 in uniform norm and, hence also in L, norm. 
We shall be here concerned in finding a weaker condition for L, continuity, 
which fails however to give continuity in uniform norm. Also in the last 
section a generalization of the three circle Hadamard’s theorem will be 
given. 
Before starting our discussion, we shall state the following lemma of which 
many convexity theorems in L, norm are particular cases. 
LEMMA 1. Let 
f(t) = f c, exp(--h,t) 
--P 
where A, are real and c, > 0. If 
jJ c, exp(--h,t), 
--co 
jJ I A, I c, exp(---h,t), 
--1) 
f A,*c, exp(--h,t) 
-m 
converge uniformly for t E [tl , te] then In f (t) is a convex function of t E [tl , t2]. 
For a simple proof using Schwartz’ inequality see [4]. Let us note that in 
fact all the functions representable as Jexp(--rl(x) t) C(X) C+(X), X(X) real, 
p positive measure, c(x) > 0 and satisfying convergence conditions have the 
same property. 
2. A STABILITY THEOREM FOR t = 0 
Let H be a Hilbert space {f,J an orthonormal system in H and X, 7 co, 
An > 0. For every x(0) = 2: c,fn E: H, we define an evolution in H through 
x(t) = f c, exp(--h,t) fn for t > 0. 
0 
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We deal with the following (improperly posed) inverse problem. Let 
g=&nfnEH and t, > 0. 
0 
Let us denote for every m > 0 and every sequence (MN}, MN > 0 
and 
if F is void 
if F is nonvoid. 
To solve the inverse problem means 
1. To get conditions about m, MN , to , g under which the class F is 
nonvoid. 
2. To prove that 77(t) + 0 if m + 0. 
3. Given g to determine a trajectory d(t) such that 
z$ II 44 - &)ll--+ 0 if m + 0. 
We shall not answer the problem 1. The following lemma shows however 
that this is not trivial. 
LEMMA 2. Let 
Proof. Let Jr(g) = 0. For every N and E > 0 there exists x(t) such that 
f I c, exp(-W - g, I* G 
2 
0 exp(2hNtO) * 
Hence 
5 I c, - g, exp(Lto)12 < 2 
0 
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and from triangle inequality 
I 
N 
1 
l/2 
1 expCW,) I g, I2 
0 
<l-t< 
which proves the lemma. 
Concerning the points 2., 3. our result is the following 
THEOREM 1. For every m there exists a number N, such that m -+ 0 
implies N, -+ 00 and 
sup 11 xl(t) - x2(t)\\ < 12MNm exp(--XN,,,-lt> for t E [O, toI, XI ,qF 
zg I/ 44 - Nf g o n exp&tO - bt)fn 11 d h”N,,, exp(--hNm-lt) 
fOT t E [O, to]. 
Proof. We follow the line of argument given in [5]. Let us denote: 
N-l 
xN(t) = 1 c, exp(--h,t) fn . 
0 
From the triangle inequality it results 
11 xN(to) - g 11 < m + exp(- XNtO) nfN . 
On the other hand denoting 
(2) 
N-l 
gN(t> = C g, exp(--h,t + bt,)f, 3 
0 
II g”(to) - g II d II xN(to) - g II * (3) 
From (2) and (3), applying once again the triangle inequality, we have 
11 XN(tO) - gN@O)ll d 2crn + exp(-ANtO) MN)a (4) 
Making use of the convexity lemma for /I x”(t) - gN(t)llz and the points to, 
t, - T, ttz[O, to], T-+ 60 we have 
11 xN(t> - gNtt)l12 < (2m + 2 exp(--hNtO) MN) 
2((T+t)l(7+t@))A4 ((to-t)/U+tJ) 
9 (5) 
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where 
A = jj x”(- T) - g”( - T)(j”. 
It is easy to show that A < K exp(2&-,( T + to)) where K is independent 
of N and T. Taking the limit T + co in (5) we get 
II x”(t) - g~“(t>ll < 2 exp(--h,& (m exp(&-,Q + fife> 
and finally 
Let N,,, determined by the following conditions: 
(i) 3/2nfNm 3 m exp(hNm&,), 
(ii) 3/2MNm - m exp(XN,-rtO) is minimum. 
It is clear that if ml < mg then N,,,, >, N,,, and if m + 0 then N,,, - cc. 
With this choice for N, from (6) it results 
which proves the theorem. 
If t > 0 it is sufficient to have n/r, < M for the stability of the inverse 
problem and this is a known result [3]. 
If t = 0, MN -+ 0 is sufficient for the stability of the inverse problem. 
3. A GENERALIZATION OF THE THREE CIRCLE HADAMARD’S THEOREM 
If u(t, 0), 0 E [0, 27r] is such that for every n 
is finite and convex as a function of t for t, < t < t, , it is clear that 
ln[ess-sup u(t, S)] is finite and convex in t E [tl , ta], as pointwise limit of a 
sequence of convex functions. 
The three circle Hadamard’s theorem for holomorphic functions in 
rl < 1 z I < y2 follows from this remark, from the convexity property of 
In I,(f, In Y) and from the fact that Izn(f, In Y) = I,(fn, In Y). But the above 
remark suggest that the convexity property of the logarithm of the uniform 
norm can be extended to other classes of functions. The following lemma 
gives an example. 
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LEMMA 3. Let 
u(t, 0) = a,/2 + F exp(-X,t) a, cos no, 
0 
m 
t > 0, Lf co, a, 3 0, 1 an2 < co. 
0 
Then In M(t) = ln(sup u(t, 0)) is a convex function of t for t > 0. 
Proof. 
u(t, 19) = 4 5 exp(-h,t) e,e’fie, 
--co 
h, = h-, , a, = a-, , 
where 
It is clear that Izn(u, t) is of the following form: 
M% t) = & t exp(- t/3,) bk 
0 
with b, >, 0 and from the convexity lemma it results that In I&U, t) is a 
convex function of t for t > 0 which proves the lemma. 
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